The present study is an attempt toward evaluating the performance of portfolios and asset selection using cross-efficiency evaluation. Cross-efficiency evaluation is an effective way of ranking decision making units (DMUs) in data envelopment analysis (DEA). The most widely used approach is to evaluate the efficiencies in each row or column in the cross-efficiency matrix with equal weights into an average cross-efficiency score for each DMU and consider it as the overall performance measurement of the DMU. This paper focuses on the evaluation process of the efficiencies in the cross-efficiency matrix and proposes the use of ordered weighted averaging (OWA) operator weights for cross-efficiency evaluation. The OWA operator weights are generated by the minimax disparity approach and allow the decision maker (DM) or investor to select the best assets that are characterized by an orness degree. The problem consists of choosing an optimal set of assets in order to minimize the risk and maximize return. This method is illustrated by application in mutual funds and weights are obtained via OWA operator for making the best portfolio. The finding could be used for constructing the best portfolio in stock companies, in various finance organization, and public and private sector companies.
Introduction
In financial literature, a portfolio is an appropriate mix of investments held by an institution or private individuals. Evaluation of portfolio performance has created a large interest among employees also academic researchers because of huge amount of money being invested in financial markets. The theory of mean-variance, Markowitz [1] is considered the basis of many current models and this theory is widely used to select portfolios. This model is due to the nature of the variance in quadratic form. Other problem in Markowitz model is that increasing the number of assets will develop the covariance matrix of asset returns and will be added to the content calculation. Due to these problems sharp one-factor model is proposed by Sharpe [2] . This method reduces the number of calculations requiring information for the decision. Data envelopment analysis (DEA) has proved the efficiency for assessing the relative efficiency of decision making units (DMUs) employing multiple inputs to produce multiple outputs [3] . M. R. Morey and R. C. Morey [4] proposed mean-variance framework based on Data Envelopment Analysis, which the variance of the portfolios is used as an input to the DEA and expected return is the output. Joro and Na [5] introduced meanvariance-skewness framework and skewness of returns are also considered as an output. The portfolio optimization problem is a well-known problem in financial real world. The investor's objective is to get the maximum possible return on an investment with the minimum possible risk. Since there are a large number of assets to invest in, this objective leads to select the best assets via cross-efficiency matrix by using OWA weighted. Cross-efficiency evaluation, proposed by Sexton et al., [6] is the effective way of ranking decision making units (DMUs). It allows the overall efficiencies of the DMUs to be evaluated through self-and peer-evaluations. The self-evaluation allows the efficiencies of the DMUs to 2 ISRN Applied Mathematics be evaluated with the most favorable weights so that each of them can achieve its best possible relative efficiency, whereas the peer-evaluation requires the efficiency of each DMU to be evaluated with the weights determined by the other DMUs. The self-evaluated efficiency and peer-evaluated efficiencies of each DMU are then averaged as the overall efficiency of the DMU. Since, its remarkable discrimination power, the cross-efficiency evaluation has found significant number of applications in a wide variety of areas such as preference voting and project ranking [7, 8] , economicenvironmental performance assessment [9, 10] , and Olympic ranking and benchmarking [11] [12] [13] . Besides a large number of applications, theoretical research has also been conducted on the cross-efficiency evaluation. For example, Doyle and Green [14, 15] presented mathematical formulations for possible implementations of aggressive and benevolent crossefficiencies. Liang et al. [16] suggested the concept of game cross-efficiency and developed a game cross-efficiency model which treats each DMU as a player that seeks to maximize own efficiency under the condition that the cross-efficiency of each of the other DMUs dose not deteriorate. Wu et al. [13] extended the game cross-efficiency model to variable returns to scale later. In our work, the use of equal weights for cross-efficiency model has a significant problem. That is, self-evaluated efficiencies are much less weighted than peer-evaluated efficiencies. This is because each DMU has only one self-evaluated efficiency value, but multiple peerevaluated efficiency values. When they are simply averaged together, the weight assigned to the self-evaluated efficiency is only 1/ if there are DMUs to be evaluated, whereas the remaining weights ( − 1)/ are all given to those peerevaluated efficiencies. To overcome this problem, the use of ordered weighted averaging (OWA) operator weights is stated for assets cross-efficiencies. The use of OWA operator weights for the assets cross-efficiency allows the weights to be reasonably allocated between self-and peer-evaluated efficiencies by investor's control [17] . The OWA operator weights are generated by the minimax disparity approach and allow the decision maker (DM) or investors to select the best assets that are characterized by an orness degree [18] . The method consists of choosing an optimal set of assets in order to minimize the risk and maximize return in cross-efficiency using OWA operator. Since there are a large number of assets to invest in, the best assets are chosen via crossefficiency evaluation by using OWA weighted by control investors.
The rest of the paper is organized as follows: Section 2 briefly reviews the portfolio performance literature, OWA operators, and their weight determination methods, thus the cross-efficiency evaluation in DEA. Section 3 develops a proposed method for selecting the best of the portfolio. Section 4 presents computational results using mutual funds data and finally conclusions are given in Section 5.
Background
2.1. Portfolio Performance Literature. Portfolio theory to investing is published by Markowitz (1952) . This approach starts by assuming that an investor has a given sum of money to invest at the present time. This money will be invested for a time as the investor's holding period. At the end of the holding period, the investor will sell all of the assets that were bought at the beginning of the period and then either consume or reinvest. Since portfolio is a collection of assets, it is better to select an optimal portfolio from a set of possible portfolios. Hence, the investor should recognize the returns (and portfolio returns), expected (mean) return, and standard deviation of return. This means that the investor wants to both maximize expected return and minimize uncertainty (risk). Rate of return (or simply the return) of the investor's wealth from the beginning to the end of the period is calculated as follows: Return = (end-of-period wealth) − (beginning-of-period wealth) beginning-of-period wealth .
Since Portfolio is a collection of assets, its return can be calculated in a similar manner. Thus, according to Markowitz, the investor should view the rate of return associated with any one of these portfolios as what is called in statistics a random variable. These variables can be described as the expected return (min or ) and standard deviation of return. Expected return and deviation standard of return are calculated as follows:
where is the number of assets in the portfolio, is the expected return of the portfolio, is the proportion of the portfolio's initial value invested in asset , is the expected return of asset , is the deviation standard of the portfolio, and is the covariance of the returns between asset and asset .
In the above, optimal portfolio from the set of portfolios will be chosen as maximum expected return for varying levels of risk and minimum risk for varying levels of expected return [19] . Data Envelopment Analysis is a nonparametric method for evaluating the efficiency of systems with multiple inputs and multiple outputs. In this section, we present some basic definitions, models, and concepts that will be used in other sections in DEA. They will not be discussed in details. Consider DMU , ( = 1, . . . , ), where each DMU consumes inputs to produce outputs. Suppose that the observed input and output vectors of DMU are = ( 1 , . . . , ) and = ( 1 , . . . , ), respectively, and let ≥ 0 and ̸ = 0, ≥ 0, and ̸ = 0. A basic DEA formulation in input orientation is as follows:
where is an -vector of variables, + as-vector of output slacks,
− an -vector of input slacks and set Λ is defined as follows:
with constant returns to scale, { ∈ + , 1 ≤1}
with nonincreasing returns to scale, { ∈ + , 1 = 1} with variable returns to scale.
Note that subscript " " refers to the unit under the evaluation. A DMU is efficient if and only if = 1 and all slack variables − , + equal zero; otherwise, it is inefficient [20] . In the DEA formulation above, the left-hand sides in the constraints define an efficient portfolio. is a multiplier which defines the distance from the efficient frontier. The slack variables are used to ensure that the efficient point is fully efficient. This model is used for asset selection. The portfolio performance evaluation literature is vast. In recent years, these models have been used to evaluate the portfolio efficiency. Also, in the Markowitz theory, it is required to characterize the whole efficient frontier but the proposed models by Joro and Na do not need to characterize the whole efficient frontier but only the projection points. The distance between the asset and its projection which means the ratio between the variance of the projection point and the variance of the asset is considered as an efficiency measure ( ) [5] .
OWA Operators and Their Weight Determination Meth-
ods. An OWA operator of dimension is a mapping : R → R with an associated weight vector = ( 1 , . . . , ) such that
where is the th largest of 1 , . . . , . OWA operators, introduced by Yager [21] , provide a unified framework for decision making under uncertainty, where different decision criteria such as maximax (optimistic), maximin (pessimistic), and equally likely (Laplace), and Hurwicz criteria are characterized by different OWA operator weights.
For different weight selections, they are distinguished by the following orness degree [21] :
The orness degree can be regarded as a measure of the optimism level of the DM.
To apply OWA operators for decision making, it is essential to determine the weights of OWA operators. The following models (7) and (8) are two important approaches for determining OWA operator weights under a given orness degree:
Minimize Subject to orness
Model (7), suggested by O'Hagan [22] , maximizes the entropy of weight distribution and is thus referred to as the maximum entropy method, whereas model (8) that was proposed by Wang and Parkan [18] minimizes the maximum disparity between two adjacent weights and is thus called the minimax disparity approach. The OWA operator weights determined by the above models have the following characteristics.
The weights are ordered. That is, 1 ≥ 2 ≥ ⋅ ⋅ ⋅ ≥ ≥ 0 if the orness degree > 0.5 and 0 ≤ 1 ≤ 2 ≤ ⋅ ⋅ ⋅ ≤ if ≤ 0.5.
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The weights have nothing to do with the magnitudes of the aggregates 1 ∼ but depend upon their ranking orders and the DM's optimism level (orness degree).
Consider 1 = 1 and = 0 ( = 1) if = 1, which means that the DM or investor is purely optimistic and considers only the biggest value 1 = max ( ) in decision analysis. Consider = 1 and = 0 ( ̸ = ) if = 0, which represents that the DM or investor is purely pessimistic and is only concerned with the most conservative value = min ( ) when making decision.
Consider 1 = ⋅ ⋅ ⋅ = = (1/ ) if = 0.5, which stands for that the DM or investor is neutral and makes use of all the aggregates 1 ∼ equally in decision making.
Consider 1 , . . . , determined by model (7) vary in the form of geometric progression, that is +1 / ≡ for = 1, . . . , − 1, where > 0, while 1 , . . . , determined by model (8) vary in the form of arithmetical progression; namely, − +1 = for = 1, . . . , ( ≤ ) or +1 − = for = , . . . , ( ≥ 1), where > 0.
The Cross-Efficiency Evaluation.
Consider DMUs that are to be evaluated with inputs and output. Denote by (1, . . . , ) and ( = 1, . . . , ) the input and output values of DMU ( = 1, . . . , ). The efficiencies of the DMUs can then be computed by solving the following CCR model for each of the DMUs, respectively [3] :
where DMU is the DMU under evaluation and V ( = 1, . . . , ) and ( = 1, . . . , ) are input and output weights. Let * ( = 1, . . . , ) and V * ( = 1, . . . , ) be the optimal solution to the above CCR model. Then, * = ∑ =1 * is referred to as the CCR-efficiency of DMU , which is the best relative efficiency of DMU by self-evaluation. If * = 1, DMU is said to be CCR-efficient; otherwise, it is said to be non-CCR-efficient.
= ∑ =1 * / ∑ =1 V * is referred to as the cross-efficiency of DMU to DMU by peerevaluation; where = 1, . . . , ; ̸ = . Model (9) is solved n times, each time for one particular DMU. As a result, we can get one CCR-efficiency value and ( − 1) cross-efficiency values for each DMU. The efficiency values constitute a cross-efficiency matrix, as shown in Table 1 , where ( = 1, . . . , ) are the CCRefficiency values of the DMUs; that is, = * . The efficiency values of each DMU are then simply averaged as its overall performance, which is called average crossefficiency value. Based on these overall performance values, the DMUs can be compared or fully ranked. 
The above approach about cross-efficiency value in CCR efficiencies or constant returns to scale (CRS) DEA model was extended to the variable returns to scale (VRS) DEA model [13] . The VRS DEA model can generate negative crossefficiency scores.
The VRS DEA model is as follows [23] :
For each DMU ( = 1, . . . , ) under evaluation in model (10), we obtain a set of optimal weights ( * , V * ). Using this set of weights, the DMU -based cross-efficiency for any DMU ( = 1, . . . , ) is calculated as
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is used as the cross-efficiency score for DMU ( = 1, . . . , ).
Note that the cross-efficiency score obtained in the above manner can be negative. This subject is presented by a simple numerical example involving five DMUs, with two input and single output [13] .
The negative VRS cross-efficiency score is due to the fact that ∑ =1 − 0 < 0 for some DMU ; that is, some DMU will have negative efficiency ratios when they use a set of optimal weights obtained when DMU is under evaluation. Naturally, we want every output-input efficiency ratio to be positive regardless of the chosen weights. Therefore, adding ∑ =1 − 0 ≥ 0 into the VRS model is proposed when calculating the cross-efficiency scores [13] . This will also guarantee nonnegativity of both VRS cross-efficiency scores and VRS efficiency ratios.
Therefore, the following modified VRS DEA model is used for model (10) development and application:
Methodology
Return of assets consists of money which we receive among period plus difference of buying and selling. Return is 6 ISRN Applied Mathematics not definitely usually obvious. This is uncertain in rate of expected return defined as deviation of return. Deviation of return is called risk. The investor's objective is to get the maximum possible return on an investment with the minimum possible risk. In this regard, mean-variance model Markowitz expected return is treated as output and deviation as input. The methodology in this paper starts with asset selection via cross-efficiency evaluation using OWA operator weights. The data used for this methodology is from 57 mutual funds [5] . In many cases similar to this example, there are a lot of assets. It is better that starts with asset selection. The choice of the asset can be random or discrete. The random choice of assets is usually biased and does not promise an optimum portfolio; hence, it is more rational to have an objective choice while selecting the assets to be included in the portfolio. Among many evaluation methods, Data Envelopment Analysis (DEA) is one of the best ways for assessing the relative efficiency a group of homogenous decision making units (DMUs) that use multiple inputs to produce multiple outputs, originated from the work by Charnes et al. [3] . Selection of assets to be included in portfolio is followed by using cross-efficiency in DEA. The variable returns to scale (VRS) DEA model is used for efficiency evaluation. In the analysis, the variance of the assets is used as an input to the DEA and expected return is used as an output.
Because the VRS DEA model can generate negative crossefficiency score, thus model (13) is proposed so that the crossefficiency scores are nonnegative. Traditional approaches for the cross-efficiency evaluation do not differentiate between self-evaluated and peer-evaluated efficiencies. A significant problem with these approaches is that the weight assigned to the self-evaluated efficiency of each DMU is fixed and has no way of incorporating the DM's or investor's subjective preferences in to the evaluation. For example, the investors may wish self-evaluated efficiencies to account for 20% or play a leading role in the final overall efficiency assessment. Obviously, equal evaluation has no method to obtain this purpose. To show the investor's subjective preferences on different efficiencies, the use of OWA operator weights is stated for cross-efficiency evaluation (see Table 4 ). This requires the reordering of the efficiencies, both self-evaluated and peer-evaluated, of each DMU, as shown in Table 2 , where 1 , . . . , are OWA operator weights and ( , = 1, . . . , ) are reordered efficiencies of each DMU from the biggest to the smallest. Obviously, self-evaluated efficiencies are always ranked in the first place; that is, 1 = * , = 1, . . . , . In order to determine the weights of OWA operator, it is necessary for the investor to provide his/her preferences on different efficiencies or optimism level towards the best relative efficiencies. For example, if the investor wants the selfevaluated efficiencies to account for 20% in the final overall efficiency assessment, then 1 should take 0.2, whereas the other weights can be designated minimax disparity approach. With regard to the minimax disparity OWA operator weights, the following theorems are existed [17] . 
In this paper, the OWA operator weights can be determined by using the minimax disparity approach. In the following, some very special OWA operator weights for the cross-efficiency evaluation are given.
Consider 1 = 1 and = 0 ( ̸ = 1). In this case, orness( ) = 1 and = ∑ =1 = 1 = * for = 1, . . . , . The investor considers only self-evaluated efficiencies in the final overall efficiency assessment and is purely optimistic. Consider = 1 and = 0 ( ̸ = 1). In this case, orness( ) = 0 and = ∑ =1 = = min ( ) for = 1, . . . , . The investor chooses the least efficiency value of each DMU as its overall efficiency and is extremely pessimistic.
Consider 1 , . . . , = 1/ . In this case, orness( ) = 0.5 and = ∑ =1 = (1/ ) ∑ =1 for = 1, . . . , , which is the average cross-efficiency value in the traditional crossefficiency evaluation. The orness degree can be regarded as a measure of the optimism level of the investor. If the investor wants selfevaluated to be more influenced, it should be used of orness > 0.5. And if investor wants peer-evaluated to be more influenced, it should be used of orness < 0.5. Obviously, the best selection of mutual funds is not fixed. It varies with the investor's optimism level or subjective performance.
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Application in Mutual Funds
We illustrate our approach using OWA operator weights in cross-efficiency evaluation for a dataset of 57 mutual funds. A list of funds used is provided in Table 3 . In this report, there is expected return and variance of mutual funds which expected return is considered as output and variance is as input. The example is received from Joro and Na [5] and is about portfolio performance evaluation in a mean-variance framework. Four mutual funds are evaluated as efficient in model [1] which portfolio can be composed with them. But it is better to use cross-efficiency to choose the best portfolio. Because the model (10) can generate negative crossefficiency score, thus model (13) is used so that the crossefficiency scores are nonnegative. Traditional approaches for the cross-efficiency evaluation do not differentiate between self-evaluated and peer-evaluated efficiencies. A main problem with these approaches is that the weight assigned to the self-evaluated efficiency of each DMU is fixed and has no way of incorporating the investor's subjective preferences into the evaluation. Obviously, equal evaluation has no way to obtain this goal. To show the investor's subjective preferences on different efficiencies, the use of OWA operator weights is stated for cross-efficiency evaluation. This requires the reordering of the efficiencies. The orness degree can be regarded as a measure of the optimism level of the investor. If the investor wants self-evaluated to be more influenced, it should be used of orness > 0.5. And if investor wants peerevaluated to be more influenced, it should be used of orness < 0.5. In the traditional equal of cross-efficiencies, the weight assigned to the self-evaluated efficiencies is only 0.017% = (1/57). For an optimistic investor, he/she may wish the selfevaluated efficiencies to play a more role in the final overall efficiency assessment. For example, the investor may wish the weight for the self-evaluated efficiencies to account for 20% rather than 0.017% in the final overall efficiency assessment. Table 5 . As is seen in Tables 5 and 6 , ranks are not the same. We calculated these ranks for = 0.8 and = 0.1. Some of the best ranks are designated according to investor. We consider ten of the best ranks. Five of the best ranks become the same, in this example,incidentally. Selecting of mutual funds to be included in portfolio is followed by ten of the best ranks in Tables 7 and 8 
Conclusion
In this paper, a new method is suggested for selecting the best of portfolio with one input (variance) and one output (expected return) in the DEA context. As an advanced management decision tool, DEA has been widely used for performance evaluation [24, 25] , productivity analysis [26] [27] [28] , resource allocation [29] , and so on. The cross-efficiency evaluation is an important method for ranking DMUs in DEA. Traditional approaches for the cross-efficiency evaluation do not differentiate between self-evaluated and peerevaluated efficiencies. A main problem with these approaches is that the weight assigned to the self-evaluated efficiency of each DMU is fixed and has no way of incorporating the investor's subjective preferences in to the evaluation. To show the investor's subjective preferences on different efficiencies, the use of OWA operator weights is stated for cross-efficiency evaluation. In this case, if the investor wants self-evaluated to be more influenced, it should be used of orness > 0.5. Thus, if investor wants peer-evaluated to be more influenced, it should be used of orness < 0.5. In Tables 7 and 8, rankings have been designated for ten of the best mutual funds via OWA operator weights in cross-efficiency evaluation. Since there are a large number of assets to invest in, this objective leads to two investment problems. First, the assets are selected for making portfolio and, second, the proportion or weights are determined to be allocated to the selected assets. Selection of assets to be included in portfolio is followed by using crossefficiency evaluation. Model (13) is used for this purpose. In this regard, this model is used to analyze the given 57 mutual funds and ten of the best mutual funds are obtained. The other methods of ranking can be used for ten of the best mutual funds for asset allocation in the future.
